Abstract. A multivalued Caristi-Kirk type fixed point theorem is proved and some coincidence point theorems for multivalued mappings are derived. Common fixed points for single valued and multivalued nonexpansive mappings are obtained. Existence of fixed points for K-multivalued mappings is also shown.
Introduction
Let X be a complete metric space with metric d and let djj denote the Hausdorff metric on the space of all nonempty closed, bounded subsets of X. A multivalued map T : X -> 2 X ( the collection of nonempty subsets of X) with closed, bounded subsets as values is called contractive if there exists a real number h with 0 < h < 1 such that If the Lipschitz constant h = l,then T is called a multivalued nonexpansive mapping. As is well known, a fixed pont theorem for multivaled contractive mappings was established by Nadler [14] . This is a generalization of the Banach Contraction Principle. The notion of contractiveness can be extended in several ways. For example, Kaneko [8] has introduced a notion of multivalued /-contractive maps and has extended Nadler's result for such maps. Among many others Browder [3] , Markin [12] , LamiDozo [10] , Assad and Kirk [1] have investigated fixed points of multivalued nonexpansive maps under certain conditions. On the other hand, Caristi [4] proved a fixed point theorem on a complete metric space, which is equivalent to the e-variational principle (which is not formulated as a fixed point theorem) due to Ekland [5] . Mizoguchi and Takahashi [13] have proved a fixed point theorem for multivalued maps by using Caristi's fixed point theorem. Husain and Latif [7] have introduced a notion of *-nonexpansive multivalued map(here it is called s-nonexpansive) and have proved some fixed point results for such maps.
Kannan [9] has proved a fixed point theorem for a single-valued selfmapping / of X satisfying the property:
for all x, y in X and for a fixed number h,0 < h < We shall call a mapping satisfying (*) a K-mapping in the sequel. This notion of K-mapping has been extended in several ways. For example, see [2, 11, 16] .
A point x is said to be a fixed point of a single-valued mapping / (multivalued mapping T) provided x = f(x) (x 6 T{x)). The point x is called a coincidence point of / and T if f(x) (E T(x) .
In section 2, we study multivalued versions of Caristi's fixed point theorem. We also prove an existence coincidence point theorem, which is an improved version of the Kaneko [8] result, where we show that under certain natural conditions the condition of commutativity of / and T is dispensible. In section 3, we prove a theorem which generalizes both types of fixed point theorems for single valued nonexpansive and s-nonexpansive multivalued mappings in Hilbert spaces. Finally, in section 4, we study the notion of /^-multivalued mappings, which is a generalization of /^-mapping. We prove some fixed point results for such maps on certain closed subsets of X, which extend known results in [9] .
Caristi's fixed point theorem
Throughout this section, we denote by X the complete metric space with metric d. We begin this section with the following three useful results [4, 5, 13 
Proof. Suppose that x T(x) for all x G X. By definition of T, for every x G X there exists y 6 T(x) C X such that d(x,y) > 0 and d(x,y) < <2>(z) -$(y).

Thus, by Theorem 2.2, we obtain an element XQ G X with $(2:0) = inf $(x). x£X
Similarly, there exists 2 G T{xo) such that
which is impossible. Hence T has a fixed point. Now we prove the following:
THEOREM 2.4. Let f be a single valued self-map of X with f(X) = M complete. Let T : X -> 2 X be a multivalued map such that T(X) C M and for each x G X, y G T(x) d(x,f(y))<$(x)-<I>(f(y)), where $ is a proper, bounded from below and lower semicontinuous function of M into (-oo,+oo]. Then, there exists a point ZQ G M such that zo € fT(zo).
Proof. For each z G M, we put
where for each u G J(z) there exists some v G T(z) with u -f(v) and
Thus, J is a map from M into 2 M satisfying d(z,u) < ${z) -$(«).
Since $ is proper, there exists w G M with sP(to) < +oo. So, let
and observe that, Y is nonempty. Now we show that Y is closed and is invariant for the mapping J.
Taking the limit as n tends to oo, we get
Thus z e Y. This proves the closedness of Y.
proving that y eY and
THEOREM 2.5. Suppose T and f satisfy the assumptions of the previous theorem. Moreover, suppose the following conditions hold:
Then T has a fixed point in M (which is also a fixed point of /).
Proof. By the previous theorem we have ZQ G fT(zo), where G M. Using condition (a) and (b), we obtain Zo = /(*o) e fT(zo) = Tf(z 0 ) = T(z 0 ). Thus, ZQ must be a common fixed point of / and T. Kaneko [8] has introduced a notion of / -contractiveness for multivalued maps,which is a generalization of a multivalued contraction maps and proved a coincidence point theorem for such maps. Here we obtain an improved version of this result. For this, we need the following definitions:
For any x G X and A C X, d(x,A) = inf{d(x,y) : y G A}. We also denote by CB(X) the family of all nonempty closed bounded subsets of X. For every A, B G CB(X), let dn (A,B) denote the distance between A and B in the HausdorfF metric, that is dff (A, B) = max{sup d(a, B) , sup d{b, A)}.
a£A beB
Let / be any single valued self-map of X. Then, a multivalued mapping T of X into CB(X) is /-contractive [8] if there exists a real number h with 0 < h < 1 such that
In particular, if / is the identity map on X, then a multivalued map is /-contractive iff it is contractive. If T is contractive, the real valued function g on X defined by g(x) = d (x,T(x) ) for all x G X, is continuous.
By using Theorem 2.2, we obtain the following coincidence point theorem.
THEOREM 2.6. Let f be a continuous map of X into itself with f(X) complete. Suppose that T : X -* CB(X) is a f -contractive map such that T(X) C f(X). Then, there exists x 0 G X such that f(xo) G T(xo).
Proof. Suppose f{t) £ T(t) for all t £ X.
Choose a number c with 1 < c < l/h. Since T(X) C f(X), so for any x e X there is a y £ X such that f(y) G T{x) and Now, using the definition of HausdorfF metric and /-contractiveness of T, we have
0<d(f(x)J(y))<cd(f(x),T(x)). d(f(y),T(y)) < d H (T(x),T(y)) < hd(f(x), f(y)) <hcd(f(x),T(x))<d(f(x),T(x)).
Thus, inf d(f(t),T(t)) = 0.
Also, since d(f(x),T(x))>-d(f(x),f(y)) d(f(y),T(y))<hd(f(x),f(y)), d(f(x), T(x)) -d(f(y), T(y)) > Q -h) d(f(x), f(y)).
and we have Now for every t G X, we define
Then <P is a continuous real valued function and
Common fixed points
In this section we prove a common fixed point theorem for single-valued nonexpansive mappings and multivalued s-nonexpansive mappings. We recall the following notions and facts which are useful for this section:
Let H denote a Hilbert space and C a nonempty subset of H. Husain and Latif [7] For each nonempty closed convex subset A of if, we denote P A the projection of H onto A. It is known that P^ is nonexpansive [15] .
THEOREM 3.1 [7]. Let C be a nonempty closed convex bounded subset of H. Then each closed convex-valued s-nonexpansive map T : C -> 2
C has a fixed point. 
. Let M be a nonempty closed bounded convex subset of H, f be a nonexpansive map of M into itself, and T : M 2 M be a closed convex valued s-nonexpansive map. If f and T commute, then there exists an element xo € M such that f(xo) -XQ £ T(xo).
Proof. Let A = Fixf, then A is nonempty, closed and convex. Define
Clearly J maps M into 2 M , and for each x 6 M, J(x) is a closed and convex set. Now we show that J is a s-nonexpansive map. It is well-known that each u x 6 J{x) in the above definition is unique and by the definition of s-nonexpansiveness there is a unique u y £ J(y) such that 
/^-multivalued maps and fixed points
In this section, we introduce a notion of K-multivalued map, which is a generalization of /f-maps. We prove some fixed point theorems for such maps,which extend known results in [9] . Throughout this section X denotes a complete metric space with metric d. Case (ii) \ < x,y,< 1, then
Thus,
Hence T is /^-multivalued map with h = § < jHere we prove a fixed point theorem for /^-multivalued maps, which contains the Kannan's result [9] as a special case. Proof. Let xq be an arbitrary element of M and choose an x\ 6 T(xo). Then by the definition of T there exists an X2 G T(xi) such that
and consequently x0,x1) for some fixed h, 0 < h < j. By induction, using the definition of /¿"-multivalued map, we obtain a sequence {xn} in M such that d(xn, un) < h[d(xn-i,xn) + d(p, wn) ].
Again we proceed as in the proof of Theorem 4.1, to show that d(p, un) 0 as n -> oo and finally we get p G Tm (p), but Tm is an arbitrary, hence p is a common fixed point of {Tn}. (b) If we take Tn = T for all n > 1 in Theorem 4.2, then we obtain Theorem 4.1.
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